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ABSTRACT 

The effective field of view of a spectrometer, when used with an 
external collecting lens,  is shown to be defined by the width and height 
of the image of the slit.    The energy, E^, of wavelength X, which 
reaches the grating of the spectrometer,  is verv closely approximated 
as Ei-f [*"' («f^K 
where 

w = width of slit image 

h  = height of slit image 

d  = width of lens stop 

z  = distance from slit image to lens 

l\ = intensity of light emitted 

z = coordinate distance from slit image 
toward lens 

111 
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SECTION  I 
PRIMARY CONSIDERATIONS 

In order to utilize the maximum resolution capability of a grating 
spectrometer,  it is necessary to illuminate the entire ruled area of the 
grating.    The collimating mirrors of a well-designed spectrometer are 
sized to fully illuminate the grating.   To prevent stray light in the spec- 
trometer from causing false indications, it is desirable to select a lens 
stop and slit-to-lens distance which will cause full illumination of the 
collimator without overillumination.    When this is accomplished,  the 
solid angle of the lens stop will be the same as the solid angle of the 
collimator when both are viewed from the slit.    The solid angle of the 
lens stop will then be the same as the solid angle of the collimator 
image when viewed from the slit image.    This is the condition chosen 
for the development which follows. 

SECTION  II 
DEVELOPMENT 

The energy which reaches the grating of the spectrometer is deter- 
mined by integrating, over the field of emission, the intensity of the 
emitted radiation which reaches the grating. 

Ex =  / J-  I\Qdv (1) 4ff 

The effective solid angle through which the radiation will reach the 
grating is limited by (1) the slit image,  (2) the collimator image, or 
(3) the collecting lens stop.    In the following analysis, the collecting 
lens stop and the collimator image are both assumed to be square with 
widths d and dc,  respectively.    For this case the effective solid angle 
will be that subtended by a rectangle. 

As shown in Fig.   1, the field of emission is divided by planes into 
regions for which various combinations control the solid angle.    Point 
A, for example, is controlled on its upper angle, 0, by the lens and on 
its lower angle,^,  by the collimator image,  whereas the horizontal 
angles, y and fi, are controlled by the slit image on the right and the 
lens on the left. 

The effective rectangle for point A is shown projected on the slit 
image,  collimator image,  and lens planes in Fig. 2.    In terms of the 
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limiting angles <f>, &, y, and 6, the solid angle subtended by the rectangle 

fl   —  sin       (sin <$> sin y)   +   sin        (sint^sinS) 

(2) 
+ sin"   (sin \p ein y)  +  sin"     (ein \y sin 8) 

In general, it is sufficiently accurate to assume that 

d*l\/dx    =   0     and      d* ]\/dy*   =  0 (3) 

By assuming that the second derivatives are zero and that variations 
in I« transverse to the optical axis are linear in x and y,  each element 
of volume (dx dy dz) off of the axis may be summed with the other three 
elements whose x and y coordinates have the same magnitudes.   The 
total contribution of these four elements, which by the symmetry of 
position each emits to the grating through the same solid angle, will 
be the same as though each possessed an intensity equal to the mean 
intensity for the z-plane in which they reside.   This results in the sym- 
metry which permits treatment of Ix as a function of z alone and also 
permits the evaluation of the total solid angle as 

fl = 4sin~'   (sin y sin 0) (4) 

Substituting 

sin y =  tan y/\J 1   + tan2 y       and       sin <f>  = tan <j> / V 1   +  tan* A 

the integral becomes 

Table 1 shows the equations of the limiting planes, xj, xn. • . , and 
Table II shows the values of y and <£ for each range of z and x or y as 
appropriate.    The values for z  > zc are not included since this is assumed 
to be out of the field of emission, as shown in Fig.  3.    {In order to experi- 
mentally apply the derived result of this report,  the location of the colli- 
mator image should be determined.) 

Upon substitution of the appropriate values of tan y and tan <f>,  along 
with the accompanying limits, Eq. (4) expands to nine double integrals 
for each range of z.    The first of these double integrals, for z < 0,  is 

»3 I 

/    / 
— i 

V(l +tanay   > (1 +tanJ A) 
.   -i tan7«   taQ 04 sin dy di 
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This and the other integrals can be simplified by substituting a = tan y 
and ß = tan 4>.   The first integral then becomes 

_d_    _d  

**      ^ ., aß 
dßda (6) (2 <t  f   f w+d       h+d 

2T        2T 
V(l + as)(l + /33) 

Similar substitution in the other integrals will result in generation 
of various functions of z for the various limits. The integrands will be 
identical.    Table III lists these functions and the corresponding limits. 

Since the arcsin is an "odd" function, integration from 
d + w     t d+w , dc + w —r=—    to        .-        oi      from      -  —=     to 
2z 2z 2zP 2zn 

will yield zero. After eliminating these zero terms, the functions of 
z become constants as shown in Table IV. Inasmuch as the constants 
are identical for both ranges of z, the complete integral can be written 
as 

» IT 

_d_ 
27 

A 
2T 

d+h 

"I/        ,/ ajS 
2T        2T 

Zg     | |     sin   
■4/-* dA.        v(i + «axi+/33) 

d/8da +  zcz       f       J    sin" 

ii. 2i, 2 !.      2T 

d+w 
2i 

d 
2T 

/ ,/ 
( lc-h 

sin 

2i        2 *t 

d+w     d+h 
1       2T      2T 

d/3da + z      f     f 
2T     2T 

sin d0d, dz 

(7) 

These four remaining integrals can be evaluated by integration by 
parts setting 

aß 
u  = sin and     dv   = dß 

Va + a'Ml+jS1) 

in the first integration and similarly in the second.    It is of interest to 
note, however, that the range of integration in each integral is small 
and that a close approximation can be obtained by fixing the integrand , 
at the value corresponding to the center of the overall range, a = ß = ■=—. 
Upon evaluation in this manner, Eq.  (1) finally becomes 

a - *•[*" ii=h)] i ** <8> 
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Equation (8) may be expressed in terms of the actual slit dimensions, 
w1 and h1, the distance from the slit to the lens, z1, and the focal length 
of the lens, f.    In these terms, it becomes 

E* - **- (7bS[*r' (TF^ftW)] A (9) 

Equations (8) and (9) may both be further simplified by noting that 
d<< zord << z1 and that, for small values of the argument, the arcsin 
is approximately equal to the argument.    With these substitutions, 
Eqs.  (8) and (9) become 

EA 4ff zJ   J Irz'  * 
(10) 

This equation can be stated in either of two ways.    First, the light energy 
reaching the grating of a spectrometer is proportional to the area of the 
slit image, the solid angle of the lens, or collimator image when viewed 
from the slit image, and the integral of the variation of the intensity of the 
emitted light along the axis of the spectrometer; second, the light energy 
which reaches the grating of the spectrometer is proportional to the area 
of the slit, the solid angle of the lens or collimator when viewed from the 
slit, and the integral of the variation of the intensity of the emitted light 
along the axis of the spectrometer. 

SECTION  III 
DISCUSSION 

Because the integrand of the final integral to be evaluated is only 
the intensity function, the axial variations in emitted intensity cannot be 
detected by an axial shift of the optical system.    For a circularly sym- 
metrical emitting field, an Abel inversion technique 1 can be used.    For 
non-circular fields, a similar technqiue in which sets of observations 
are made with the optical axis aligned in two perpendicular directions 
will permit analysis.    The accuracy of this analysis will be somewhat 
less than that of the Abel inversion but can be improved to a satisfactory 
level by an increase in the number of observations. 

Equation (10). shows that, while the field of view of a spectrometer 
has the width and height of the slit image at the slit image and increases 

iGriem, Hans R.    Plasma Spectroscopy.   New York, McGraw-Hill, 
1964,  p.   176. 
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in area in both directions along the z axis approximately as the square 
of the distance from the slit image, the fraction of the emitted energy 
reaching the grating is inversely proportional to the square of the dis- 
tance,  and the resultant energy reaching the grating is therefore inde- 
pendent of the distance. 
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TABLE   1 
LIMITING PLANES 

Horizontal Limits 

*I - w 
2 

w + d 
2 

z 
z 

xa = T + de-w 

2 

z 

zc 

*J = 
2 

z 

x« = -T + w + d 

2 

z 
z' 

x« = 
w 

~2~ 

dc—w 

2 
• 

z 

ze 

zs 
= 

d<= 
2 

z 

Vertical Limits 

Yi = 2 
- h + d 

'2 
z 

Yt = 
b 
2 

+ 
dc-w 

2 ; 

y» = 
2 

■ 

z 

y4 — -T + U + d z 
2 z 

y« = 
h 

T 
de-b 

2 

z 

2, 

Y» = 
d° 
2 

2 

11 
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TABLE  II 

LIMITING ANGLES 

z   Rang» x   Rang« Horizontal Angle 

-«= <  z  < 0 xa < x  < x, y« =    tan-1  (x -   "?■)/■ 

-«  <  z  <  zc x,  < x  <  x, y„ -    tan"'   ( -» *y/(zc  - z) 

-«■  <  z  <  zc x«  < x  <  Xj y« =    tan'1   f y- xj/(z   -  z> 

0 <  z  <  zc x,   <  x  < x4 y„ =    tan-1  ( -J" +  x]/z 

z  Rang« y  Rang« Vertical Angle 

-»  <  z   <  0 Yl   <  y  <  x1 tf>M =    tan"'   ( y  -  —j/z 

-«. < z  <  zc y4 <  y < x, 4>M =   ta"~l    (~| y)/(zc  - z) 

^~ < z  <  zc y4 < y  < x, <£«, =   tan-1   ( -|- - yj/(z  - z) 

0 <  z  <  zc y8   <  y  < x4 <^i4 =   tan"'    \\ + Yj/Z 

12 
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TABLE   III 
LIMITS OF INTEGRATION AND  t   FUNCTIONS 

ß   -  Limits 

a — Limits 

-(d  + w)/2z 

(dc  - w)/2zc 

d/2z     

d + h 
2 z 

(d  + w)/2z" 

a.     z  <   0 

dc-h 
2z„ 

(       -z)(       -z) 

(      -z) (zc -z) 

(      -z)<z-z) 

(zc - z) (      -z) 

(zc - z) (zc - z ) 

(zc -z) (z-z) 

d + h 
2z 

(z-z)(       -z) 

(z-z) (ze -2) 

(z-z) (z- z) 

ß — Limits 

a —  Limits 

-(dc  - w)/2zc 

(dc  - w)/2: 

d/2i 

(d  + w)/2z 

dc -h 
2ze 

b.      0  <   z   <   zc 

d„ -h 
2z. 

Zc     •     Zc 

zc   ■   z 

2z 

Z      •     Zr 

d + h 
2z 

13 
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TABLE   IV 
MODIFIED  z   FUNCTIONS AND LIMITS OF INTEGRATION 

_.    a.     z  <  0 

ß  -  Limits 

dc -h 
2zc 

a -  Limits 

(d  + w)/2z 

6/27. 

d 

2z 

{dc - w)/2z0 

zc   ■   z 

Zc      ■     Zc 

Z    •    2 

z   ■   z, 

d+h 
22 

b.     0 <  z <  zc 

)9  -  Limits 

a  —  Limits 

(d   +  w)/2z 

d/2! 

2zc 

(dc - w)/2zc 

d 
21 

zc   •   z 

zc   ■   zc 

d + h 
2l 

14 
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